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Abstract

This paper proposes a new data-driven methodology for predicting intervals of
post-fault voltage trajectories in power systems. We begin by introducing the
Quantile Attention-Fourier Deep Operator Network (QAF-DeepONet), designed to
capture the complex dynamics of voltage trajectories and reliably estimate quan-
tiles of the target trajectory without any distributional assumptions. The proposed
operator regression model maps the observed portion of the voltage trajectory
to its unobserved post-fault trajectory. Our methodology employs a pre-training
and fine-tuning process to address the challenge of limited data availability. To
ensure data privacy in learning the pre-trained model, we use merging via feder-
ated learning with data from neighboring buses, enabling the model to learn the
underlying voltage dynamics from such buses without directly sharing their data.
After pre-training, we fine-tune the model with data from the target bus, allowing
it to adapt to unique dynamics and operating conditions. Finally, we integrate
conformal prediction into the fine-tuned model to ensure coverage guarantees for
the predicted intervals. We evaluated the performance of the proposed method-
ology using the New England 39-bus test system considering detailed models
of voltage and frequency controllers. Two metrics, Prediction Interval Coverage
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Probability (PICP) and Prediction Interval Normalized Average Width (PINAW),
are used to numerically assess the model’s performance in predicting intervals. The
results show that the proposed approach offers practical and reliable uncertainty
quantification in predicting the interval of post-fault voltage trajectories.

1 Introduction

Stability in power systems refers to the system’s inherent ability to return to an operational equilibrium
following a physical disturbance, such as a contingency [9, 135]. Assessing this ability is essential for
ensuring the continuous and reliable operation of power systems. To maintain stability after potential
contingencies like faults or equipment failures, system operators conduct offline dynamic studies
in a preventive manner [42]. These studies evaluate the system’s dynamic response to faults and
disconnections of components by using model-based simulators, which numerically solve a set of
nonlinear differential-algebraic equations (DAEs) to track system trajectories after each contingency
[44,119,130]. Although model-based approaches provide highly accurate evaluations, their significant
computational costs make them impractical for real-time applications, limiting their usefulness in
situations that require rapid decision-making [25} 16} 47].

To overcome these challenges, modern measurement systems—such as phasor measurement units
(PMUs) and advanced communication technologies—now provide operators with real-time data
that can enhance stability analysis and help secure the electrical energy supply [40,131,51]. In this
context, data-driven methodologies have emerged as a promising alternative to traditional physics-
based methodologies. These approaches use historical or synthetic data to predict power system
stability with significantly faster computation times. Our work advances this class of data-driven
methods to improve the effectiveness and efficiency of stability analysis in power systems.

In recent years, machine learning (ML) techniques have been employed to assess various metrics
of power system stability by leveraging real-time data from PMUs, enabling the development of
real-time stability assessment tools. Some of the most prominent ML models include artificial neural
networks [[1], convolutional neural networks [37]], ensemble learning [18]], stacked autoencoders [46],
and long short-term memory networks [36]]. However, traditional deep learning methods operate in
finite-dimensional spaces, limiting their ability to handle the complexity of power system dynamics.
Voltage trajectories are inherently infinite-dimensional as continuous functions of time and other
parameters. By accounting for these infinite dimensions, function spaces offer a more accurate
representation of these trajectories compared to finite-dimensional vector spaces.

Operator learning has emerged as a powerful framework for mapping function spaces [20, 41} (14, 22|
52]. A prominent method of operator learning is the Deep Operator Network (DeepONet) [20} [13} |11}
48, 117,127]). DeepONet architecture efficiently addresses the complexities of function space mappings,
substantially impacting scientific machine learning by providing robust tools for solving high-
dimensional nonlinear problems. DeepONet has shown notable success in advanced mathematical
applications, such as approximating the solution operator of parametric partial differential equations
(PDESs) [12} 149, 145} 116/ I8]] and multi-scale problems [49, [15]]. Beyond theoretical achievements,
the practical utility of DeepONet is demonstrated in real-world applications, such as optimizing
the rib profile [33]], predicting the solution of disk—planet interactions in protoplanetary disks [23]],
forecasting stresses in elastoplastic structures [10]], and predicting the crack path [7].

DeepONet has also shown significant potential in power systems, particularly for predicting post-fault
trajectories. In this context, in [29] authors proposed a method utilizing DeepONet-based models
to estimate predictive intervals for these trajectories. They first employed B-DeepONet, which uses
stochastic gradient Hamiltonian Monte Carlo for uncertainty quantification but requires numerous
hyperparameters, making the training process expensive. To address this, the authors introduced Prob-
DeepONet, which offers automated uncertainty quantification with minimal computational overhead
through a probabilistic training strategy. However, this approach assumes a normal distribution for the
target solution, which is not necessarily accurate and can negatively affect the prediction performance.
Additionally, their methodology is unable to guarantee the coverage of the predicted intervals. On the
other hand, their method only uses data from the target bus for training the model and cannot utilize
data from neighboring buses, making it prone to challenges of low-data regimes in power systems. To
overcome the limitations of low-data regimes, the authors of [38] proposed DeepGraphNet to predict
post-fault trajectories. Their architecture incorporates graph neural networks, enabling the framework
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to learn from data across neighbor buses in the power system, thus mitigating low-data regime
issues. However, they used a centralized learning approach to train the model, which violates the
privacy of the buses, making its practical implementation challenging. Additionally, DeepGraphNet
is deterministic, lacking the capability to provide uncertainty quantification for its predictions.
Moreover, the models proposed in these studies lack the ability to handle heterogeneous input data
across different time domains, which reduces their practicality for power systems, considering the
randomness of fault occurrences in these systems.

Existing approaches do not offer a comprehensive solution for predicting post-fault trajectory intervals
without relying on distributional assumptions. Additionally, these models are unable to guarantee the
coverage probability of the predicted intervals. Furthermore, they fail to address the challenges of
low-data regimes while maintaining the privacy of individual buses.

To bridge this gap, we propose a comprehensive approach for predicting the intervals of post-fault
voltage trajectories in power systems. Our methodology focuses on the development of a quantile-
based operator learning model that estimates predictive intervals without relying on distributional
assumptions, making it more flexible and robust across different scenarios. To overcome issues
related to limited data, we implement a pre-training and fine-tuning strategy. In the pre-training
phase, we use data from neighboring buses to capture the underlying dynamics of voltage trajectories.
This phase incorporates federated learning to maintain data privacy while enhancing the model’s
robustness. After pre-training, the model is fine-tuned with data from the target bus, which further
improves the accuracy and reliability of predictions for that specific bus. Finally, to ensure that the
predicted intervals have the desired coverage guarantees, we integrate conformal prediction methods
into the fine-tuning process.

The main contributions of this work are as follows:

* QAF-DeepONet: We introduce QAF-DeepONet, a novel data-driven framework for predict-
ing post-fault voltage trajectory intervals. It employs an attention mechanism and a Fourier
feature network to capture dynamic behaviors and fluctuations in voltage trajectories while
handling heterogeneous input data. QAF-DeepONet estimates lower and upper quantiles of
the target solution to capture the range of possible outcomes.

» Federated Learning Pre-Training: We employ federated learning to pre-train QAF-
DeepONet using distributed data from neighboring buses. This approach leverages the
available data to address the issue of low-data regime and to enhance the model’s generaliz-
ability and robustness via merging while preserving data privacy.

* Fine-Tuning for Targeted Bus: We fine-tune the pre-trained model with data from the target
bus, improving the reliability and precision of the estimated predictive intervals.

» Conformal Prediction Integration: We integrate conformal prediction techniques into the
fine-tuned QAF-DeepONet predictions, ensuring the predicted intervals meet the desired
coverage guarantees. This adjustment provides statistically reliable intervals, supporting
effective decision-making in power systems.

The remainder of the paper is organized as follows: Section [2]introduces the problem statement and
the main challenges of predicting post-fault trajectories. Section [3|presents the proposed methodology
and the training strategy. Sectiond]shows the numerical experiments to evaluate the performance of
the proposed methodology. Finally, Sectiong5|and[6|describe out future work and conclude the paper.

2 Preliminaries

In this section, we outline the problem statement and the primary challenges associated with predicting
post-fault trajectories.

2.1 Problem Statement

Assessing the short-term stability of a power system is imperative to ensuring the continuous and
reliable operation of power systems. This type of stability refers to the power system’s ability to find
a stable equilibrium point after being subject to disturbances, such as faults or equipment failures.
The dynamic behavior of the system’s trajectories is governed by: (i) the dynamics of mechanical
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(e.g., turbines), electrical (e.g., generators, lines, transformers, loads), and control systems (e.g.,
governor, and automatic voltage regulators) and (ii) the algebraic physical laws determining the power
flows throughout the power grid. Such behavior can be modeled as a system of DAEs across three
different stages: pre-fault, fault-on, and post-fault. Each stage has its own unique set of dynamics
that determine the stability and transient behavior of the system’s trajectories.

The behavior of the system’s trajectories, illustrated in Figure[I] during these stages, can be analyzed
by examining them as follows:

1. Pre-Fault Dynamics: Prior to any disturbance, the power grid is assumed to be in an
equilibrium state at time ty. This equilibrium persists as long as the system remains
undisturbed, up until a fault occurs at time ¢ ;. During this pre-fault stage, the dynamics of
the system are governed by the following set of DAEs:

(t) = fe(x(t),2(t)), forte [to,ts], (1a)
0= gp(x(t), 2(t)), (Ib)

where x(t) represents the state vector of the system, and z(t) is the set of algebraic variables.
These equations describe the stable operation of the system prior to any fault, assuming the
system is initially in a steady state [34].

2. Fault-on Dynamics: When a fault occurs at time ? ¢, the system transitions into a faulted
condition, which leads to a temporary topological change in the system. This faulted state
lasts until the fault is cleared at time ¢.; by a protective relay, which isolates the faulted
component. The time interval from the occurrence of the fault to its isolation is referred to as
clearing time. During this period, the dynamics of the system are altered and are described
by the following set of DAE:s:

(t) = fr(x(t),2(t), forte [ty ta), (2a)
0= gr(z(t), 2(t)). (2b)

The fault-on dynamics capture the system’s immediate response to the disturbance, reflecting
the changes in system behavior caused by the fault.

3. Post-Fault Dynamics: After the fault is cleared at time ¢.;, the system enters a transient
response as it attempts to return to a stable equilibrium. This phase continues until a specified
time horizon, 7', and the dynamics during this stage are governed by:

z(t) = fpr(z(t),2(t)), fort € [te,T], (3a)
0=gpr(z(t),2(t)). (3b)

The post-fault dynamics are key for understanding the system’s ability to regain stability
after a disturbance and to identify potential instabilities that may arise after the fault occurs.

2.2 Problem Setup

This paper focuses on the real-time prediction of post-fault voltage trajectory intervals using local
measurements. The approach is structured into two parts: offline training and online inference. In the
offline training stage, the model is trained using historical data from the target bus and its neighboring
buses. During online inference, the trained model uses local measurements from the target bus to
predict voltage trajectory intervals in real-time.

The real-time prediction of voltage trajectory intervals presents several significant challenges:

1. Infinite-Dimensional Problem: Voltage trajectories are continuous functions, making their
prediction inherently an infinite-dimensional problem. Such a problem can be addressed by
operator regression tools where both the input and output are variable continuous functions.

2. Heterogeneous Input Data: The random nature of fault clearing time, i.e., t.; varies due to
delays or sensing/acting equipment failures, resulting in highly variable input domains. This
variability challenges the standardization of the problem and requires models that can adapt
to different domains.

3. Predictive Interval Estimation: The method should be capable of estimating predictive
intervals for practical uncertainty quantification. This ensures that the model provides
reliable and informative predictions for real-time decision-making tools.
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4. Low Data Regime: There is often a limited dataset available for predicting post-fault
voltage at a target bus. This scarcity of data can hinder the training process of the models,
necessitating a method that effectively enables the model to learn from other sources, such
as neighboring buses.

5. Privacy Concerns: When using voltage information from neighbor buses to mitigate the low
data regime, it is crucial to protect the privacy of each bus’s data. Ensuring data privacy
while still using distributed information for model training is a significant challenge that
must be addressed.

6. Robustness Requirements: Reliable predictions are crucial for maintaining the stability of
the system. Post-fault voltage prediction methods must deliver robust predictions under
various conditions. In addition, providing coverage guarantees for predictive intervals is
highly valuable, yet challenging. Achieving this combination of robustness and coverage is
essential for effective power system management, although it is difficult to achieve.

3 Methodology

In this section, we present our comprehensive approach to addressing the challenges of predict-
ing post-fault voltage trajectories in power systems. To handle the infinite-dimensional nature of
voltage prediction, our methodology leverages deep operator learning-based models. Considering
the dynamics of the problem, we propose a modified DeepONet-based model, adapting the vanilla
DeepONet to make it suitable for predicting voltage trajectory intervals. This modification allows
the model to manage heterogeneous input data and ensures effective adaptation to varying input do-
mains. The proposed model integrates uncertainty quantification capabilities by estimating predictive
intervals and providing reliable and informative predictions. To address low data regimes, we utilize
a pre-training and fine-tuning process, which can maintain privacy by enabling the model to learn
from distributed data sources while maintaining data confidentiality. Finally, we employ conformal
prediction techniques to ensure robust and reliable predictions by providing coverage guarantees.
The following sections provide detailed descriptions of each of these techniques and strategies.

3.1 Neural Operators

To achieve our goal of reliably predicting post-fault voltage trajectories, we need to develop a model
that can handle the infinite-dimensional nature of this problem. To this end, we employ neural
operators, in particular, deep operator learning techniques to handle this complexity effectively.
Accordingly, in the next sections, we first formalize the problem as an operator regression task. Next,
we outline the vanilla deep operator network structure and then provide a step-by-step explanation
of how we modify this structure to develop our model, which is designed for predicting post-fault
voltage trajectory prediction intervals.

3.1.1 Operator Regression Formulation

We aim to approximate an operator G that maps an input function u(t) € U to its corresponding
post-fault trajectory function v(t) € V. Formally, the operator G is defined by the following mapping:

G:-U—=Y “4)

where U represents the vector space of the input functions, and V represents the vector space of the
output functions, specifically the post-fault voltage trajectories.

In the dynamics of the power grid, the dynamic states = and the algebraic states z, described in Section
[2] are not fully observable. Consequently, we used the system’s observable data to define the input
function space in the mapping G. Specifically, we define the observable portion of voltage trajectories
as the input function v € U in this mapping. This allows us to utilize the voltage’s past behavior
to predict its future behavior, particularly its corresponding post-fault trajectory. Conceptually, this
approach aligns with the Mori-Zwanzig formalism which addresses the dynamics of complex systems
by focusing on observable quantities [S]]. In this context, G uses the observed data to infer the dynamic
response of the system to the fault, without direct access to the internal states.
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To define the input function u € U and the target solution v € V), we split the voltage trajectory,
denoted as R(t), into two segments. We assume that the first segment is observable and consider it as
the input function of the mapping G, while the second segment, which is unobservable, is our target
solution to predict.

Since the pre-fault and fault-on conditions of the system influence the transient response in the
post-fault stage, it is intuitive that the time domain of the input function, denoted as 7,, should
encompass both of these stages of the voltage’s trajectory. Additionally, to accurately map and
understand the system response to a fault, we assume that a small portion of the post-fault stage is
observable, referred to as the observable post-fault duration, denoted as At gps.

Consequently, we define the input function time domain 7, as follows:
Tu = [tosty) Uty te) Ulte, te + Atops) )

where 7, includes the pre-fault stage [to,ts), the fault-on stage [t¢,?.;), and the observable part of
the post-fault trajectory [ter, te; + Atobs|. Notably, Atqps is an adjustable hyperparameter that directly
affects the performance of the mapping by the operator G. Carefully selecting Aty is crucial for
optimizing the model’s prediction performance and usability. While a smaller Aty is advantageous
for practical use, as the model will require less information as input; however, making it too small
may negatively impact the model’s performance.

The output function time domain, denoted as 7, is defined as the complement of 7T, representing
the time domain of the unobservable part of the post-fault trajectory:

7;) = (tcl + At()bSa T] (6)

where 7' is the maximum time of prediction. Based on this definition, for a sample trajectory R(t),
the input function is v = R[7,] and the output function is v = RI[T,]. Figure [I|illustrates the
temporal domains 7, and 7, for a sample voltage trajectory.

Observable Unobservable post-fault
post-fault

oYYy ! \

l

B it

Pre-fault Faulty

121

1.0 1

0.8 1

0.6 1

Voltage (R(t))

0.4

02 - b

==== to+ Atops

0.0 1

0 1 2 3 4 5 6 7 8
Time (s) )
Y Y
Tu T
Figure 1: Temporal domains 7, and 7, for a sample voltage trajectory. The input function « is defined
over T,, and the output function v is defined over 7,. Atqps is an adjustable hyperparameter that

determines the duration of observable part of the post-fault stage, directly influencing the performance
of the mapping G.

3.1.2 Deep Operator Network

DeepONet is an advanced neural network architecture designed to approximate operators by extending
the universal approximation theorem to functions [4}21]]. DeepONet approximates the target operator
G using two multilayer perceptron (MLP) sub-networks: the branch network, which encodes the
input function, and the trunk network, which processes the evaluation points at the output domain.
Subsequently, the outputs of these networks are combined through a linear product to approximate
the operator. Given u € U as the input function and ¢ € 7, as the evaluation point in the time domain
of output, DeepONet approximates the unobserved post-fault trajectory v using the following linear
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representation:
P
wu,t) = GO (u)(t) =Y di(u)i(t) (7
i=1

Here, ¢; and v; represent the basis functions generated by the branch and trunk networks, respectively,
while p denotes the number of basis functions. Figure [2]illustrates the components of DeepONet
and their integration. However, the current configuration of the DeepONet architecture utilizes MLP

-
s

(61]
o
b

—/

GO (u)(t) = Y0 dithi

(1]
Vs

te T,

Up
—
Figure 2: A schematic representation of the DeepONet architecture. The figure illustrates the two
main components: the branch network, which encodes the input function u € U, and the trunk

network, which processes the evaluation points ¢ € 7. The outputs of these networks are merged
through an inner product to approximate the target operator G ~ G%.

networks, which may not be suitable for processing input functions that contain temporal sequences.
Moreover, the post-fault voltage trajectories contain fluctuation patterns that are highly challenging
for an MLP to capture accurately.

3.1.3 Attention-Fourier Deep Operator Network (AF-DeepONet)

To address the limitations of DeepONet in predicting post-fault voltage trajectories, we introduce
AF-DeepONet, an enhanced version of DeepONet that more effectively processes input functions
and comprehends fluctuations in voltage trajectories. Figure []illustrates the architecture of AF-
DeepONet, which consists of two primary components: the Attention-Based Branch Network and
the Fourier-Featured Trunk Network.

Attention-Based Branch Network: The branch network integrates a self-attention mechanism followed
by a multi-layer perceptron (MLP) to process the input function u. In particular, given a projected
padded input & € RT*?, the self-attention uses trainable linear projections to compute the queries,
keys, and values, i.e., Q, K,V € RT*4_ Then, we compute the self-attention output as follows:

O = softmax (QK ") - V e RT*¢

. By employing self-attention, it selectively focuses on the most relevant parts of the input function,
thereby enhancing its ability to capture dependencies and temporal dynamics. This selective weight-
ing of input function components ensures an effective approximation of the target operator. The
subsequent MLP refines these features to produce the basis functions (¢;).

Fourier-Featured Trunk Network: The trunk network encodes the output location ¢ € 7, using a
Fourier features network as proposed by [39]]. This network helps DeepONet to capture fluctuations
and oscillatory behaviors, which is particularly useful for the post-fault voltage stage, which often
contains high-frequency features [24]. The Fourier features network employs a random Fourier
mapping:

~(z) = [sin(Bz), cos(Bz)] (8)

where B € R™* is a matrix with entries sampled from a Gaussian distribution N (0,0?). The
encoded output location is then processed by an MLP to produce the basis functions ;.
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Figure 3: Schematic representation of the Attention-Fourier Deep Operator Network (AF-DeepONet).

Ultimately, the AF-DeepONet approximates the target operator G using the same linear trainable
representation as described in Equation [7]

Handling Variable Input Lengths: Given that the fault clearing time, i.e., t.; is a random variable,
the length of 7, is also random (see equation [5), with the pre-fault stage having a variable duration
across different voltage trajectories. This variability conflicts with the network architecture, which
requires a fixed domain for its input. To address this, we employ a padding technique. We consider a
maximum possible input function time 7,4, based on the maximum time for fault clearance. In
this approach, we pad each voltage trajectory data to this maximum length with zero-masked signals,
where the actual input function occupies the initial part and the remainder is filled with zeros, i.e.,
Tw C [to, Timaz)- This approach ensures that the network can handle variable input lengths without
compromising its structure.

3.1.4 Quantile Attention-Fourier Deep Operator Network (QAF-DeepONet)

Power systems require robust predictive intervals to ensure stability and reliability under dynamic
conditions. These intervals aid operators in managing instability and improving decision-making
under uncertainty. This necessity drives our approach, underscoring the critical role of estimating
uncertainty for stable and reliable forecasting. Consequently, it is essential to modify the AF-
DeepONet framework to enable practical uncertainty quantification. To this end, we introduce
the Quantile Attention-Fourier Deep Operator Network (QAF-DeepONet), which enhances AF-
DeepONet to empirically approximate uncertainty in post-fault trajectory predictions.

Quantiles are particularly effective for uncertainty quantification because they do not assume any
specific distribution, allowing them to handle distribution-free uncertainty. This inherent flexibility
makes quantiles robust against skewness, heavy tails, and outliers, ensuring their applicability across
various data types and scenarios. The conditional quantile function, g, defines the 7-th percentile in
the distribution of Y, conditional on X = x. Mathematically, this function is expressed as:

gr(x)=inf{y e R:P(Y <y | X =2)>7} ©)

In essence, given X = z, ¢, provides the value below which a fraction 7 of the conditional distribution
of Y lies.

Building on the AF-DeepONet framework, the QAF-DeepONet is specifically designed to approxi-
mate the conditional quantiles of the target solution. For a specified level of miscoverage « € (0, 1),
the QAF-DeepONet estimates the /2-th and (1 — «/2)-th conditional quantiles, denoted as ¢, /2
and q_ /2, respectively.

Figure ] illustrates the QAF-DeepONet architecture. This architecture introduces additional branches
and trunks to AF-DeepONet architecture specifically designed to approximate the g, /2 and q;_q /2
quantiles. In this configuration, the basis functions ¢ and ), generated by the original AF-DeepONet,
flow into these new shared branches and trunks. These new sub-networks then process the existing
basis functions to construct new ones, capable of estimating the specified quantiles through their
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following inner products:

Gos2(u,t) = GO (u)(t) = ¢yl (10)
i=1
Q—as2(ut) = GY_ o p()(t) =Y Pl (11)
=1

Here, qﬁ? and 1! serve as the basis functions for estimating ¢, /2> While ¢t and ¢? are used for
estimating g; _, /2. The number of these basis functions is denoted by s.

Dataset Generation: To generate input and output functions, we first choose the observable post-fault
duration Atps. For each voltage trajectory R ;, considering the clearing time ¢.; and chosen Atys,
we split R ; into the observable trajectory u; = R;[7,] and the unobservable trajectory v; = R;[T].
We then pad u; with zeros to a predefined length to create the input function. For convenience in
this paper, we refer to this padded version of u; same as u;. The output function v; represents the
unobserved post-fault trajectory.

Furthermore, for both the training and the inference phases in QAF-DeepONet, it is essential to
structure the datasets to be compatible with the DeepONet configurations. To achieve this, the
continuous function u; is discretized at the m locations, that is, u; € R™, which serves as input to
the branch net. Moreover, for each u;, we randomly select 7, number of output locations ¢ € 7T,
and sample the output function at these points, that is, { G} = {v;(¢("¥)}. This approach
is consistently applied across all voltage trajectories to assemble a dataset of triplets, denoted as
D = {u® ) GOIN

Loss Function: To optimize the QAF-DeepONet, we minimize the following loss function across a
dataset of NN triplets, denoted as D = {u(? () GO

L£(6,D) = % XNJ pr (6,6 (u?) (1)), (12)
=1

where p, represents the pinball loss function for quantiles 7 € {«/2,1 — «/2}. The function is
specifically defined as follows:

R £ ) ify —y>0,
p‘r(ya y) - {(1 _ 7—)(1) — y) otherwise. (13)

This loss function allows the evaluation of model performance based on quantile-specific discrepancies
between the predicted intervals and actual values.

After training, the QAF-DeepONet estimates predictive intervals for any new test sample as follows:
OL(atCSta xlest) = [gg/g (Utest) (ttest) 7g10—a/2 (utest) (ttesl)] 9 (14)

where gg /2 (Utest) (trest) and foa /2 (test) (trest) denote the predicted lower and upper quantiles,
respectively, for the interval with miscoverage level a.

3.2 Training Strategy

In power systems, faults are rare events, which makes it impractical to obtain extensive fault data for
various scenarios. Furthermore, data from the power system are often private and not easily accessible,
leading to limited data availability. It is particularly challenging to obtain voltage trajectory data for a
specific bus. However, data-driven approaches, such as deep operator learning, often require large
datasets for high performance.

To address this issue, our methodology utilizes a pre-training and fine-tuning strategy, making
maximum use of the available data in the system. In this strategy, we first pre-train the model on a
broader dataset from neighboring buses to learn the underlying voltage dynamics. We then fine-tune
the model using data from the target bus, aiming for reliable post-fault trajectory predictions. Figure 3]
shows a schematic of a power system, highlighting the target bus and its neighboring buses.
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Figure 4: Schematic representation of the Quantile Attention-Fourier Deep Operator Network (QAF-
DeepONet).

3.2.1 Pre-Training Model

The pre-training phase is crucial in our methodology, providing the foundation for developing a
robust and accurate model. We utilize data from neighboring buses of the target bus to pre-train the
model. However, due to privacy concerns, costs, and logistical constraints, direct data sharing is not
feasible. To overcome this, we employ federated learning, enabling collaborative training of local
models to obtain a merged model without direct data sharing.

Federated Deep Operator Network Learning: Federated learning effectively addresses privacy and
related issues by decentralizing the training process. In this strategy, each bus’s model is trained
locally, sharing only its parameters 6 with other buses, thus preserving data privacy. To implement
this strategy, we have adapted the approach outlined in [26] and improved in [S0].

Consider a target bus with \V, neighboring buses. Let 6 represent the parameters of the model for
the c-th bus in iteration k. The parameters «y;, are the updated values derived from 6 through a local
Adam optimization step at the same iteration. With K denoting the number of local round updates,
the model’s parameters are updated using the following procedure:

o, — fyk_){[lc o ¥f(k:+1) modKfO (15)

D1 7 Vep1 i (k+1) mod K =0

In this procedure, bus c independently updates its parameters using local Adam optimization. For
most iterations, the updated parameters 7j;, ; are directly adopted as the new parameters ¢y, , for the
local model of the bus c. However, after every K local update, the parameters are averaged across
all neighboring buses to form a new global parameter set. Then, this averaged model becomes the
updated local model for all buses. After training, the averaged model serves as the pre-trained model
for the target bus, benefiting from the collective knowledge of neighboring buses and enhancing its
robustness and generalization.

Pre-Training Dataset: The federated learning dataset comprises voltage trajectories from the neigh-
boring buses of the target bus. Each neighboring bus dataset contains its own voltage trajectory data,
used locally to train its corresponding local model. The pre-training dataset for N, neighboring
buses is represented as Dp = {D.}N<,, where D, = {u(, () G} denotes the dataset for bus
¢, with n. being the number of training triples for that bus. The size of the pre-training dataset is

NC
np = el Ne
3.2.2 Finetuning the Pre-Trained Model

After pre-training the model, we proceed to fine-tune it using data from the target bus. Since the pre-
trained model has already captured the underlying dynamics of the voltage trajectories, fine-tuning
allows it to adapt to the unique attributes of the target bus using a relatively small dataset, effectively
overcoming the challenge of limited data availability. Through this process, the model learns the
specific dynamics and operational characteristics of the target bus, thereby enhancing its precision
and reliability.

10
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Fine-Tuning Dataset: The fine-tuning dataset consists of voltage trajectories from the target bus.
We transform each of these trajectories into QAF-DeepONet-compatible formats and assemble the
fine-tuning dataset Dr = {u®, () GV  where n; is the number of training triples for the
fine-tuning dataset.

Let 6 represent the parameters of the pre-trained QAF-DeepONet. To fine-tune the model for the
target bus, a local update is performed on 6 using the target bus dataset Dr, applying local Adam
optimization to update the parameters to the fine-tuned values, denoted as 6.

It is important to note that the pre-trained model contains extensive information about the local
voltage dynamics; therefore, the fine-tuning process must be proceed carefully to prevent catastrophic
forgetting. To this end, an early stopping technique is implemented, which helps the model adapt to
the dynamics of the target bus without forgetting the core features learned during the pre-training
process.

3.3 Conformal Prediction with QAF-DeepONet

The predictive interval estimated in Equation [I4]often fails to meet the desired coverage probability
criterion. To address this issue, our proposed methodology integrates the Split Conformal Quantile-
DeepONet Prediction methods introduced in [28]. The conformal prediction method ensures that the
prediction intervals are calibrated to achieve the desired coverage probability, thereby improving the
reliability and robustness of the predictions [32].

This is particularly important in power systems, where accurate and reliable post-fault trajectory pre-
dictions are crucial for system stability and operational planning. Guaranteeing coverage probability
of the predicted intervals enhances the assessment of risks and uncertainties associated with fault
events, leading to more informed decision-making and proactive measures. This strengthens the
overall resilience of the power system, enabling operators to anticipate and mitigate potential issues
more effectively.

To ensure the coverage guarantee, the conformal approach employs a calibration dataset Deq1 =
{u® @) G} eat for calibrating model predictions. Utilizing a trained QAF-DeepONet, which
approximate quantile operators QZ /2 and gf_a /2 for a specified miscoverage level o € (0,1), we

first define the score function for calibration data triplets (u(*), ("), G()) as follows:

s(u,t,G) = max {gg Ja(u)(t) = G,.G—GY_, /Q(U)(t)} (16)

This score function measures the error incurred by QAF-DeepONet when the operator target G falls
outside the estimated quantiles. Using this function, we compute the calibration scores for the entire
calibration dataset {u(?), t(), G} 51 = s(u® M) M) .. s, = s(ul™, ™ GM).

Next, we calculate the calibration factor, g, as the [ADA=] quantile of the calibration scores

n
S1,...,8n. Finally, for any new test data (s, test), we modify the original estimated predictive
interval via Equation [I4]to the calibrated predictive interval:

CLe (et tes) = |G (ttese) (brese) = @ G () (best) + ] (17)

This predicted interval is adaptive, distribution-free, and guarantees coverage probability of predicted
intervals, ensuring reliable performance. The summary of the described approach is detailed in
Algorithm 1]

4 Numerical Experiments

In this section, we assess the performance of our proposed methodology in estimating predictive
intervals for post-fault trajectories across various scenarios.

4.1 Data

We validate the proposed methodology using the New England 39-bus test system, shown in Figure 5]
Notably, we use a realistic setup where each generating unit includes detailed models for voltage and

11
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Algorithm 1: Split Conformal QAF-DeepONet Prediction

Input: Trained QAF-DeepONet model, Calibration dataset Dy = {u(®, () G}t
Miscoverage level o
Output: Calibrated prediction interval for test data (west, trest)

Step 1: Calculate calibration scores
fort=1,...,ndo
$; = max {g{i/z(u“’), ) = GD GD — gt uD, t“’>)}

Step 2: Calculate calibration factor
Sort s1, so, .. ., S, in ascending order, then calculate the calibration quantile:
g« [(n+1)(1-a)]

- -th quantile of the calibration scores s1, ..., Sy,

Step 3: Calibrate prediction interval
for new test data (e, test) COmpute:

CL. (ulesu tlesl) = [gz/g(ulesl, tlest) - Q, gf,a/g(ulesl, tlest) + Q]

return C L (West, teest)

[ 1 [ ]
T

Bus 18 Bus 17
Bus 03

| LTT
T S %_

Bus 14

N 2

é l Focus Node

Neighbor Nodes

—

O+

Figure 5: New England 39-bus test system.

frequency controllers, specifically an automatic voltage regulator and governor. The parameters for
the network, generators, and controllers are sourced from the DIgSILENT PowerFactory library.

To generate realistic datasets, voltage trajectories are generated for each bus under the following
simulation conditions:
» Demand variation: Active and reactive power demands are randomly varied by +30% of
their nominal values.

* Network contingencies: In each simulation, (i) a three-phase short circuit occurs in one of
the system’s transmission lines, representing an N-1 contingency, (ii) after the fault, the line
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is isolated following the clearing time, and (iii) the fault location is randomly chosen along
the line, ranging from 1% to 99% of its total length.

* Clearing time: The fault clearing time is uniformly sampled between 100 ms and 333 ms.

Furthermore, throughout this paper, we denote the number of voltage trajectories used for pre-training,
fine-tuning, and calibration by Np, Nr, and N, respectively.

4.2 The Model

We employ the proposed QAF-DeepONet, configured as outlined in Section The hyperparame-
ters of the model are selected through a hyperparameter tuning process.

4.3 Training Protocol

Our goal is to predict post-fault voltage trajectory intervals of a target bus in the power system. To
this end, we consider the neighboring buses shown in Figure 5] In this neighborhood, there are 7
buses; we select Bus 18 as the target bus and the remaining six buses as its neighboring ones.

We aim to predict the 95% predictive interval (with a miscoverage level o = 0.05) for the post-fault
voltage trajectories of the target bus. Specifically, we designed the QAF-DeepONet to predict the
0.025-th and 0.975-th quantiles, which represent the lower and upper bounds of the interval. The
95% predictive interval is then constructed using these two quantiles.

4.4 Evaluation Metrics

To evaluate QAF-DeepONet’s predicted intervals for post-fault trajectories, we use two metrics:
Prediction Interval Coverage Probability (PICP) and Prediction Interval Normalized Width Average
(PINAW).

Prediction Interval Coverage Probability (PICP): PICP measures the proportion of actual values
within the predicted intervals:

N
PICP — Z [ tower i upper]) (18)

where N is the number of data points, y; is the actual value, ; jower and ; upper are the bounds of the
predicted interval, and [ is an indicator function. A higher PICP indicates better reliability.

Prediction Interval Normalized Width Average (PINAW): PINAW assesses the average width of
prediction intervals relative to data variability:

N .
PINAW — Z Yiu Ji,upper — Yi,lower yz lower 7 (19)

ymax ymm

where ymax and Ymin are the maximum and minimum observed values. Generally, lower PINAW
values suggest more precise predictive intervals.

Together, these metrics evaluate the reliability and precision of the predictive performance of the
model.

It should be noted that to evaluate the models, we consider 100 test trajectories, which are unseen
during the training process, and report the average PICP and PINAW values across all test trajectories
in the following analyses.

4.5 Model Evaluation

Figure [0] illustrates the prediction results of the fine-tuned model alongside the corresponding
conformal predictions for four sample voltage trajectories. For these results, the model was initially
pre-trained using Np = 6000 trajectories from neighboring buses, subsequently fine-tuned with
Nz = 3000 trajectories from the target bus, and finally calibrated using N, = 100 trajectories
from the same bus to calibrate the predictions within the conformal prediction framework. These
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predictions consider the scenario with a relatively short observable post-fault duration, At s = 400
ms. Despite this, the fine-tuned model provides precise and reliable predictive intervals for post-fault
trajectories. However, the fine-tuned prediction does not cover some parts of the true trajectory. To
address this, conformal prediction adjusts the predicted interval, ensuring that most parts are covered
and guaranteeing the required coverage probability, leading to more reliable predictions.

In the following sections, we analyze both pre-trained and fine-tuned models to evaluate the ef-
fectiveness of pre-training in capturing targeted mappings and the improvements achieved through
fine-tuning. In addition, we evaluate the results of conformal prediction, discussing its effectiveness,
advantages, and limitations. For each model, we will perform a sensitivity analysis to understand
the impact of observable post-fault duration At and the number of trajectories used during the
training process on the quality of the predicted intervals. Finally, we will compare these results to
highlight key insights and discern notable differences.

—_— Observed Data —_— Unobserved Data
[ Fine-Tuned Prediction [___] Conformal Prediction
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Figure 6: Predicted 95% predictive interval of post-fault trajectories using the fine-tuned model
(Np = 6000, Nr = 3000) and corresponding conformal predictions (N, = 100) for four sample
voltage trajectories with an observable post-fault duration of At s = 400 ms.
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4.5.1 Evaluating the Pre-trained Model

We evaluated the zero-shot prediction capabilities of the pre-trained model, which means its ability
to make accurate predictions without any additional fine-tuning. This is done by testing the model
on data from the target bus whose dynamics was not part of the training dataset. This evaluation
is crucial because it provides insight into the adaptability and potential of the model in scenarios
without fine-tuning.

Table [T] shows the average metric values for the estimated predictive intervals of the pre-trained
models for post-fault trajectories on 100 test trajectories. For these predictions, we consider a scenario
where the observable post-fault duration is At,,; = 500 ms and the pre-trained model is trained
on Np = 6000 voltage trajectories from neighboring buses. The results show relatively high PICP
values and relatively low PINAW values, highlighting the models’ high performance in zero-shot
prediction scenarios. This combination underscores the effectiveness of the models in providing
reliable and precise predictions even without fine-tuning.

We also performed sensitivity experiments to evaluate how different parameters affect its predictive
capabilities. That is, we assess the model’s performance by varying observable post-fault durations
At s and training dataset sizes. Figure[7)illustrates the zero-shot prediction performance across these
variables, showing that increasing both At and dataset size improves the quality of the model’s
predicted intervals. In the following, we discuss the effects of these factors in detail.

’707 Np = 3000 - @- Np = 18000

87 T \
e P T Tt
N 82 '/,0’ . e //.;1"/(,\‘./,}\—:0::’\:*/’\ e __e
O 77l b 4 N N N |
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.
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Figure 7: Average value of PICP and PINAW metrics for predicted intervals from pre-trained models,
designed for various observable post-fault durations At and trained on different dataset sizes,
evaluated across 100 test trajectories.

Observable Post-Fault Duration Effect: Figure[7] shows that increasing Atqps maintains the mean
PICP within a comparable range. However, increasing Atqps up to approximately 600 ms leads to a
decrease in the value of the PINAW metric, resulting in narrower and more precise predicted intervals.
Specifically, we find that PINAW decreases with respect to At s for Aty < 600 ms, following a
power law. For instance, for the model trained on the pre-training dataset containing Np = 3000
voltage trajectories, we have:

PINAW o At 023 (20)

Beyond Atqps > 600 ms, PINAW converges to a constant value, indicating that further increasing
Atqps does not yield additional gains. This is likely due to data saturation, where the model has
already captured the most significant patterns and variations in the post-fault trajectories by the time
At ops reaches 600 ms.
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Dataset Size Effect: Increasing the dataset size from 3000 to 18000 significantly improves the PICP
metric while keeping the PINAW metric stable. This enhancement indicates that a larger dataset
enables the model to capture a more comprehensive range of patterns and variations in post-fault
trajectories, leading to more reliable predictions.

4.5.2 Evaluating the Fine-tuned Model

After pre-training the QAF-DeepONet using data from neighboring buses, we further fine-tune it
with data from the target bus to enhance predictions for that specific bus.

Table [T) presents the average metric values for the fine-tuned model’s estimated predictive intervals of
post-fault trajectories across 100 test cases, with the observable post-fault duration set to At s = 500
ms. The corresponding pre-trained model is trained on Np = 6000 voltage trajectories from
neighboring buses, while the fine-tuning is conducted on Nx = 3000 voltage trajectories from
the target bus. The results indicate that the fine-tuned model achieves higher PICP values while
maintaining comparable PINAW values, demonstrating that, compared to the pre-trained model,
fine-tuning enhances model performance and reliability in post-fault prediction.

PICP% PINAW

Pre-trained Model 76.18 0.53
Fine tuned Model 81.47 0.51

Table 1: Average value of PICP and PINAW metrics for estimated predictive intervals of post-fault
trajectories across 100 test cases, with the observable post-fault duration set to At,,s = 500 ms. The
pre-trained model was trained on Np = 6000 voltage trajectories from neighboring buses, while
the fine-tuned model was refined using Nx = 3000 voltage trajectories from the target bus. The
results demonstrate the fine-tuned model’s improved performance, reflected in higher PICP values
and comparable PINAW values, indicating enhanced reliability in post-fault prediction.

Figure [§]illustrates the average metrics values for the fine-tuned model predictions across various
Atqs and training dataset sizes for two different fine-tuning dataset sizes. As observed, similar to the
pre-trained model, increasing the duration of observation time and the size of the training dataset
enhances the model’s prediction performance.

Observable Post-Fault Duration Effect: The Figure [§] shows that increasing At,,s enhances both
metrics. Specifically, for At < 1000 ms, the value of PICP increases with increasing observable
duration, and beyond this point, it almost stabilizes. On the other hand, for At,s < 400 ms, the value
of PINAW decreases with increasing observable duration and then stabilizes. For Aty > 1000 ms,
both the PICP and PINAW values stabilize, indicating that further increases in At,;s do not provide
additional gain. This behavior is consistent with what we observed in the zero-shot prediction.

Dataset Size Effect: For Aty < 1000 ms, similar to zero-shot prediction, increasing the dataset size
from Nx = 500 to 3000 in fine-tuning results in an improvement of the model’s predicted intervals,
reflected by a higher PICP, while maintaining the PINAW metric relatively stable. On the other hand,
for Atqps > 1000 ms, the PICP metric for these datasets will almost converge. As the observation
time increases, the model acquires more information about the system, reducing the amount of data
required to achieve similar levels of accuracy and precision in its predictions. Consequently, for
higher values of At,ps, the PICP values converge for both dataset sizes.

4.5.3 Evaluating Conformal Prediction

As illustrated in Figure[8] the average PICP values for the predicted intervals from the fine-tuned
model are below the desired training goal of 95%. To address this, our proposed methodology
integrates conformal prediction with the fine-tuned model results, modifying the predicted intervals
to ensure that they achieve the desired coverage using calibration data. To this end, we calibrate the
fine-tuned predictions using the calibration dataset D.,, consisting of data from N.,; = 100 unseen
voltage trajectories of the target bus.

Figure [9 shows the average values of the metrics for the conformal prediction results. As illustrated,
the predicted intervals for almost all observation times Aty and both dataset sizes converge to the
target value of 95%. However, for models trained on smaller datasets and with shorter observation
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Figure 8: Average value of PICP and PINAW metrics for predicted intervals from fine-tuned models,
designed for various observable post-fault durations Aty and trained on different dataset sizes,
evaluated across 100 test trajectories. The corresponding pre-training for these models was conducted
using Np = 6000 voltage trajectories from neighboring buses.

times, the base estimator (trained model) exhibits higher uncertainty. In such conditions, the conformal
prediction PICP does not get as close to 95% due to insufficient variability and information for
accurate calibration.

While conformal prediction adjusts the estimated predictive intervals to achieve the desired coverage,
it results in increased PINAW values, leading to wider intervals. Figure[9]shows that for the observable
parts with At,,s < 1000, the larger dataset results in lower PINAW values compared to the smaller
dataset. This can be attributed to the larger dataset providing more comprehensive coverage of
various post-fault scenarios, allowing the model to make more precise predictions. However, after
Atops > 1000, the predictive performance of both models converges, resulting in comparable PINAW
values. This convergence suggests that beyond a certain point, the benefit of having a larger dataset
diminishes, and both models face similar levels of uncertainty, leading to comparable interval widths
to ensure the desired coverage.

As illustrated in Figure[6] although conformal prediction uniformly extends the width of the predicted
interval for both stable and unstable trajectories, the relative impact varies between the two. For stable
trajectories, which generally have less variation and narrower intervals, this fixed increase results in
a relatively larger expansion. In contrast, for unstable trajectories with greater variation and wider
intervals, the same fixed increase results in a relatively smaller expansion. Thus, while the absolute
increase in interval width is constant, its relative effect is more significant for stable trajectories and
less pronounced for unstable ones. Despite this, conformal prediction still guarantees the desired
coverage and enhances practical usability. Therefore, in power systems where the prediction of
unstable post-fault trajectories is of high priority, incorporating conformal prediction into the approach
is highly beneficial.

4.5.4 Comparative Analysis of Results from Pre-trained Model, Fine-Tuned Model, and
Conformal Prediction

Figure|10|compares the pre-trained model results with those of the fine-tuned model and its corre-

sponding conformal predictions. In this comparison, the QAF-DeepONet is first pre-trained with
a dataset of Np = 6000 voltage trajectories from neighboring buses and then fine-tuned using
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Figure 9: Average value of PICP and PINAW metrics for predicted intervals using the conformal
prediction technique integrated with fine-tuned model results, presented across different observation
post-fault durations Aty and training dataset sizes. The pre-training for the fine-tuned models was
conducted using N = 6000 voltage trajectories from neighboring buses, and Ny = 100 trajectories
from the target bus were used to calibrate the predicted intervals of fine-tuned models within the
conformal framework.

Nz = 3000 trajectories from the target bus. Subsequently, conformal prediction is then applied to
the fine-tuned results, using N, = 100 trajectories from the target bus for calibration.

As shown in Figure[I0] the predicted intervals by the fine-tuned model primarily differ from the
pre-trained model in their corresponding PICP values, while their PINAW values remain mostly
comparable. The PICP for the fine-tuned model is considerably higher compared to zero-shot
prediction, demonstrating the effectiveness of fine-tuning in improving prediction performance.
This improvement indicates that fine-tuning enables the model to better capture the specific voltage
dynamics of the target bus data, thereby enhancing its predictive performance.

Comparing the results of the fine-tuned model with its conformal prediction, we observe that for
almost all Atys, the PICP converges to the desired training goal of 95%, which the pre-trained and
fine-tuned models do not achieve. However, conformal prediction leads to higher PINAW values
compared to the fine-tuned and pre-trained models, which presents practical challenges. There is a
trade-off between the guaranteed coverage probability from the conformal prediction and the width
of the predicted intervals. Although conformal prediction ensures coverage and reliability, larger
intervals can lead to overly conservative decisions with higher costs. Therefore, this balance should
be carefully considered based on the system’s objectives.

5 Future Work

The conformal prediction method guarantees that the PICP converges to the desired value. However,
this method does not address the PINAW metric, resulting in wider prediction intervals during the
calibration process. PINAW is a crucial metric for effective decision-making as it directly impacts
the practical usability of the prediction intervals.

To address this limitation, our future work will incorporate conformal risk control[2]]. This enhanced
approach will not only ensure the convergence of PICP to the desired goal but will also consider and
optimize PINAW. By doing so, we aim to develop a more comprehensive methodology for estimating
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Figure 10: Comparative analysis of predicted intervals by the pre-trained model, fine-tuned model,
and conformal prediction, showing differences in PICP and PINAW average values across various
Atgps. The QAF-DeepONet was pre-trained with Np = 6000 voltage trajectories from neighboring
buses and fine-tuned with N = 3000 trajectories from the target bus. Conformal prediction was
then applied to the fine-tuned results, using N, = 100 trajectories from the target bus for calibration

predictive intervals of post-fault trajectories that balances coverage probability and interval width,
thereby improving its practical applicability in decision-making.

In addition, this work represents a key step in developing foundation models [3]] for transient stability.
Moving forward, we aim to design merging and federated pre-training strategies for transformers [43]]
that enable creating larger, more capable foundation models that can effectively forecast trajectories
of complex power system responses.

6 Conclusion

This paper presents a novel methodology for estimating predictive intervals for post-fault voltage
trajectories in power systems using deep operator learning techniques. We introduce the Quantile
Attention-Fourier Deep Operator Network (QAF-DeepONet), which combines deep operator net-
works with attention mechanisms and Fourier features to handle complex voltage trajectory patterns.
QAF-DeepONet maps the observed segments of the voltage trajectory to predictive intervals for the
post-fault voltage trajectory. To address the low-regime data issue in power systems, the methodology
incorporates a two-stage training approach. We initially pre-train the QAF-DeepONet with data
from neighboring buses to learn the underlying dynamics within voltage trajectories. This approach
makes maximum use of available data and ensures each bus’s data privacy through a federated
learning method that avoids direct data sharing. Subsequently, we fine-tune the model using data
from the target bus to learn the specific characteristics of the dynamics of its voltage trajectories.
Next, we integrate conformal prediction with the fine-tuned model’s predictions to provide coverage
guarantees. We evaluated our approach using data from the IEEE-39 bus test system through a series
of comprehensive analyzes.

The results underscore the efficacy of the proposed methodology, demonstrating precise and reli-
able performance in zero-shot predictions for estimating the predictive interval. Furthermore, the
results demonstrate that fine-tuning improves the reliability and robustness of the model predictions.
Additionally, the integration of conformal prediction techniques enhances the model’s reliability by
ensuring that the predicted intervals achieve the target coverage probability. However, this integration
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also tends to result in wider intervals, illustrating the inherent trade-off between reliability and
precision.
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